SUMS OF CUTS AND BIPARTITE METRICS

Alexander V. Karzanov *

Abstract. Let m be an integer-valued metric on a finite set V' such that the
length of any circuit on V' is even, and let H = (V H, EH) be an undirected graph with
VH CV. A family {mq,...,mg} of metrics on V is called an H-packing for m if the
value mq(x,y) + ... + mi(x,y) does not exceed m(x,y) for any z,y € V and equals
m(x,y) for each edge zy € FH. A metric m’ on V is said to be induced by a graph G
if there is a mapping o from V onto VG such that for any x,y € V., m/(z,y) is equal
to the distance in G from o(z) to o(y). It is known that if |V H| < 4 then there exists
an H-packing for m consisting of metrics induced by the graph K5 (i.e., cut metrics),
and this is, in general, false when |V H| > 4.

We prove that if [V H| = 5 then there exists an H-packing for m consisting of
metrics induced either by the graph K5 or by the graph K5 3. Also other results on
packings and decompositions of metrics are presented.

Keywords. Finite metric, cut cone, multicommodity flow.

1. Introduction

Throughout the paper, by a graph we mean a finite undirected graph without loops
and multiple edges; VG is the vertex set and EG is the edge set of a graph G. An edge
with end vertices x and y may be denoted by xy.

Let V' be a finite set of n elements, and (V, m) a semimetric space, i.e., m(z,z) = 0,
m(z,y) = m(y,z) > 0 and m satisfies the triangle inequalities m(z,y) + m(y, z) >
m(x, z), x,y,z € V. For brevity, we refer to m as a metric (rather than a semimetric)
on V; m(z,y) will be denoted by m(zy). A metric m is called positive if m(zy) > 0 for
all distinct z,y € V.

We may identify m with the corresponding function on the edge set E Ky of the
complete graph Ky with the vertex set V. Then the set of metrics on V forms a
polyhedral cone My, in the (g)—dimensional ceuclidean space R¥XV (whose coordinates
correspond to the edges of Ky ), called the metrical cone. The metrics belonging to
extreme rays in My are called primitive. The obvious fact is that if m(zy) = 0 for
some x # y, then m is primitive if and only if the corresponding metric on the set
obtained from V by identifying x and y is primitive.

For a connected graph G, we say that a metric m’ on V is induced by G if there
is a mapping o from V onto VG such that m/(zy) = d°(o(x)o(y)) for z,y € V, where
d® (uv) denote the distance in G between vertices v and v (assuming that the length of
each edge of G is 1). An elementary example gives a metric m’ induced by the graph
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K, (where K, is the complete graph with p vertices). Such an m’ is often called a cut
metric. In other words, m’ = pX is generated by a proper subset X of V as follows:

pX(zy) =1 if {z,y} N X[ =1,
:=0 otherwise. (1)

Note that m/' is primitive since the metric d®2 is obviously primitive. For a cut metric
m’ and a real number ¢ > 0, the metric tm’ is called a Hamming metric.

One natural problem on metrics is:
(D): given a metric m on V', decide whether m is decomposable into a sum
m=mq+ ...+ myg, (2)
where my, ..., my are metrics from a certain collection S.

In particular, if S is the set S; of Hamming metrics, we obtain the membership
problem: decide whether a metric m is contained in the Hamming (or cut) cone Hy .
[Hy is the convex hull of the set of Hamming metrics on V. An equivalent definition:
Hy is the set of metrics on V such that (V,m) is embeddable isometrically into L!
(see [1]).] Unfortunately, already for this “simplest” collection S; the problem (D)
turns out to be NP-hard; this follows from the NP-hardness of the separation problem
for Hy [7] and the fact that the membership problem and the separation problem are
polynomially equivalent for a large class of convex sets [6]. It was proved in [3] that
the problem is NP-complete if S is the set Ss of cut metrics. However, a number of
nontrivial sufficient conditions on a metric to be decomposable into a sum of metrics in
Sy or Sy is known. See, e.g., [4,5]. One more of them will be pointed out in statement
(1.4) below.

Now we introduce a notion closely related to decompositions of metrics. Let G be
a connected graph with VG = V whose edges e € EG have nonnegative real-valued
lengths l(e), and let H be a graph with VH C V.

Definition. A family {mq,...,my} of (possibly repeated) metrics on V is called an
H-packing for [ if

l(xy) > my(zy) + ...+ mp(zy) forall z,y € V; (3)

and
di(s,t) =my(st) +...+my(st) forall st € EH. (4)

Here d;(zy) denotes the distance between vertices z,y € VG with respect to [.
In order to demonstrate a relation between packings and decompositions we need the
following definition.

Definition. An extremal graph of a metric m on V is a minimal (with respect to
inclusion) graph H such that for any u,v € V, there is an edge st € EH satisfying

m(su) + m(uv) + m(vt) = m(st). (5)
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[In [10,11] the term “antipode graph” was introduced for such a graph in the case of a
positive metric.] For example, if m is a cut metric pX, then a graph H is extremal for
m if and only if it consists of two vertices x € X and y € V — X and one edge xy.

Considering (2)—(5) for G = Ky and | = m and applying triangle inequalities we
easily obtain the following.

(1.1) If H is an extremal graph for a metric m and F = {mq,...,my} is an H-packing
for m, then F is a decomposition of m, i.e., (2) is valid. °

The problem which will be in focus of the present paper is: for any fixed H,
determine a minimal collection S of metrics so that, for any connected graph G with
VG O VH and any length function [ on EG, there exists an H-packing for [ consisting
of metrics in S. Such a problem is related to multicommodity flows, as we explain
in Section 4. In particular, if S is the collection of Hamming metrics, such a relation
enables us to derive the following statement from a multicommodity flow theorem of
Papernov [12]:

(1.2) If H is K4 or Cs or a union of two stars, then there exists an H-packing for [
consisting of Hamming metrics. °

[A staris a connected graph whose edges have a common vertex; C5 is the circuit
with five vertices. It is easy to see that any proper subgraph of K4 or Cs having no
isolated vertices is a union of two stars.] Statement (1.2) cannot be strengthened in
term of the graphs H; more precise, one can prove that if H is not as in (1.2) and
it contains no isolated vertex, then for any V O V H there exists a metric m on V
having no H-packing of Hamming metrics. There is a stronger, “half-integral”, version
of (1.2). We say that a (nonnegative) function [ is cyclically even if it is integer-valued
and each circuit in G has an even length, i.e., [(zox1)+...+(xr—12,) +(z,20) is even
for any xzox1,...,xr_12., .29 € EG.

(1.3) [7] If H is as in (1.2) and l is cyclically even, then there exists an H-packing for
[ consisting of cut metrics. °

[Another, simpler, proof of (1.3) is given in [13].] Assertions (1.1) and (1.3) imply
the following;:

(1.4) If a metric m has K4 or Cs or a union of two stars as an extremal graph, then
m € Hy . If, in addition, m is cyclically even, then m is decomposable into a sum
of cut metrics. °

A simplest example of a metric not decomposable into a sum of cut metrics gives
any metric d%r.« for p > 2 and ¢ > 3 (K, , is the complete bipartite graph with parts
of p and ¢ vertices). It is known that such a metric is primitive; see, for example, [10,2].
The metric induced by the graph K, , is called p, g-metric.

The main result of the present paper is the following.



Theorem 1. Ifl is a cyclically even function on the edges of a connected graph G,
H is a graph with VH C VG and |VH| = 5, then there exists an H-packing for 1
consisting of cut metrics and 2,3-metrics.

(1.5) (Corollary from (1.1) and Theorem 1) Every cyclically even metric having an ex-
tremal graph H with |V H| = 5 is representable as a sum of cut metrics and 2,3-
metrics. °

Theorem 1 will be proved in Section 2; the proof will provide a strongly polynomial
algorithm for finding a required packing. Note that, in fact, a slightly stronger version
of this theorem will be proved in which one asserts that all used 2,3-metrics can be
chosen to coincide on the set V H. In particular, if m is a cyclically even metric on a
set V of five elements, then m is a sum of cut metrics and of some number of copies of
one 2,3-metric on V.

Theorem 1 can be reformulated in polyhedral terms as follows (a corresponding
statement can be stated also for (1.3)). For U C EKy, define the cone My ¢y to be the
nonnegative linear hull of the cone My, and the vectors I., e € EKy — U, where I, is
the e-th unit basis vector in R¥*V (such a cone occurred in [10,11]).

(1.6) Let the edges in U span exactly 5 vertices. Then:

(1) each extreme ray of My is {\a : A > 0}, where a is either I, (e € EKy —U)
or a cut metric or a 2,3-metric;

(ii) of I is an integral vector in My, such that l(xy) + [(yz) + l(xz) is even for
any distinct x,y,z € V, then | is a sum of integral vectors lying on extreme rays
m MV,U-

Section 3 contains some generalizations. By the metrical spectrum MS(H) of a
graph H we will mean the minimal set S so that: (i) each d € S is an integer-valued
metric on a set V(d), and td is not integer-valued for 0 < ¢t < 1; and (ii) for any
connected graph G with VG O VH and a function [ : EG — R, there exist metrics
dy,...,dr € S and reals A\q,..., Ay > 0 such that {A\ymq,..., \ymy} is an H-packing
for [, where m; is a metric on VG induced by d;, i.e., m;(zy) = d;(o(x)o(y)), z,y € V,
for some mapping o from VG onto V(d;). For example, the metrical spectrum of Ky
consists uniquely of the metric d2 (by (1.2)), and the metrical spectrum of K consists
of the two metrics d2 and d®23 (by Theorem 1). We give in Section 3 a complete
description of the set of graphs H for which M S(H) is finite.

2. Proof of Theorem 1

Put T := VH and F := EKy. It suffices to prove that if |T| < 5 and m is a
cyclically even function (not necessarily a metric) on E, then there exists a Kp-packing
for m consisting of cut metrics and 2,3-metrics. Our method of proof uses ideas of [§],
developed there for proving that if m’ is a primitive metric having an extremal graph

4



H'" with [V H'| =5, then m/ is proportional to 2,3-metric. In particular, the statements
(2.1),(2.3) and (2.4) occurred in [8]; we give here their proofs in order to make our
description self-contained.

By a path, or x — y path, on V we mean a sequence P = xzgxy ...z of distinct
elements * = zg,21,..., 2, = y of V. e; = x;x;41 is an edge of P and the value
m(P) = > (m(e;) :i=1,...,k) is the length of P (with respect to m); P is shortest if
m(P) = dp(zy).

For zy € E and u,v,w € V put:

d(xy) = om(xy) := min{d,, (sx) + dp(2y) + dp (yt) — dp(st) = s,t € T}
Au,v,w) = Ay (U, v, W) = dp (u0) + dip (VW) — dpy (uw).

The cyclically evenness of m implies that ¢(zy) and A(u, v, w) are even.

We proceed by induction on

a=aV,T,m):=|V|+|{e€ E:m(e) >0} +|{e€ E: ¢(e) > 0}
+ {(s,x,t):x €V, s, t €T, A(s,z,t) > 0}].

By (1.3), the theorem is true if |7'| < 4.

First of all we show that one may consider only the case when the following hold:
m is a positive metric; (6)

each e € F is contained in some shortest s — ¢t path, s,t € T, i.e. ¢(e) =0; (7)

each p € T is contained in some shortest s — ¢ path with s,t € T'— {p}. (8)

This is achieved by use of the following simple reductions.

(i) Suppose that m(zy) = 0 for some zy € E. Identify x and y with a new
vertex z, obtaining corresponding V', T'. For u,v € V', define m/(uwv) := m(uv) if
u,v # z, and m/(uwv) := min{m(uz), m(uy)} if v = z. Then m’ is cyclically even and
a(V', T".m') < «(V,T,m). By induction there exists a required K -packing for m/,
which naturally determines a required Kp-packing for m.

Thus, one can assume that m(e) > 0 for all e € E.

(ii) Suppose that m(e) > 2 and ¢(e) > 0 for some e € E. Let a be the maximum
even number not exceeding max{m(e), ¢(e)}. Put m/(e) := m(e) — a and m/(¢’) :=
m(e’), ¢ € E—{e}. Clearly, m’ is cyclically even, d,,/(st) = d,,(st) for all s,t € T, and
a(V,T,m') < a(V,T,m). Three case are possible: (a) m/(e) =0, (b) ¢./(e) = 0, and
(¢) m'(e) = 1. In cases (a) and (b), we have «(V,T,m’) < a(V,T,m), and the result
follows by induction. So we may assume that ¢(e) = 0 for all e € E with m(e) > 2.
Suppose there is an edge zy € E with m(zy) = 1. Take z € V — {z,y}, and let for
definiteness m(xz) > m(yz). Since m(zxy)+m(xz)+m(yz) is even and m is positive, we
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have m(xz) > 2 and m(zy) + m(yz) = m(zz). Since m(xz) > 2, ¢(xz) = 0, and hence
there exists a shortest path s...xz...t with s,f € T. Then the path s...zyz...t is
also shortest.

Thus, one can assume that (7) holds. It follows easily from (7) that m is a metric,
whence (6) holds.

(ili) Suppose that w(p) > 0 for some p € T, where w(p) := min{A(s,p,t) : s,t €
T —{p}}. Put X :={p} and m' := m — apX, where

a = min{w(p)/2, min{m(py) : y € V — {p}}}.

Since a is integer, m’ is cyclically even. Obviously, d,,(st) = d,,(st) and d,,/(sp) =
dm(sp) — a for s,t € T — {p}. Furthermore, at least one of the following is true:
Ay (s,p,t) = 0 for some s,t € T — {p}, or m/(xy) = 0 for some y € V — {p}, whence
a(V,T,m") < a(V,T,m). By induction there exists a required packing for m’. Adding
to it a copies of the cut metric pX, we obtain a required packing for m.

Thus, one can assume that (8) holds.

Let H' be the extremal graph for m (it is easy to show that a positive metric has

a unique extremal graph). Let U := EH’. (7) and (8) imply
each edge e € F is in some shortest s — ¢ path for st € U; 9)
for each p € T, there is st € U such that s,t # p and m(sp) + m(pt) = m(st). (10)

In view of (1.3), one can assume that H' is different from K,4,C5 and a union of
two stars. In particular, this implies that |VH'| = 5, i.e., VH' =T. Also one can show
that there are three vertices in H', say, s, s2, s3, such that s;s; € U, 1 <i < j <3
(otherwise H' is either C5 or a union of two stars). Let T7 := {s1, 82,83} and Ty :=
T— T1 =: {84, 85}.

(2.1) (1) U = {s152, 8253, 5351, 5455 };
(il) m(s;sq) +m(s;s5) = m(syass) for i =1,2,3.
Proof. Consider p € T;. Let s and t be vertices as in (10). The minimality of the

extremal graph H' implies ps,pt ¢ U. Thus, {s,t} NTy = 0, i.e., {s,t} = {s4,55}.
Hence, s4s5 € U, psq,pss € U, and (ii) is true. °

For ) # X C V, let X denote the set with one end in X and the other in V — X
(a cuton V); X is said to separate vertices x and y if |[{z,y} N X| = 1. As before, for
a metric m one assumes by definition that m(zz) =0, x € V. For z,y € V, let N(z,y)
denote the set of vertices contained in shortest x — y paths.

(2.2) Let s € Ty, t € Ty, {p,q} = Th — {s}, and let N(s,t) N N(p,q) = 0. Put X :=
N(s,t),

a:= %min{min{m(sz) +m(zt) —m(st) : z€V — X},
min{m(pz) + m(zq) —m(pq) : z € X}},
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and m’' :==m —apX. Then m’ >0, a is an integer > 1, and for each uv € U the
following holds:

Ay (uv) = m(uv) —a if X separates u and v,

= m(uv) otherwise. (11)

Proof. The condition that N(s,t) and N(p,q) are disjoint and the cyclically evenness
of m imply that a is an integer > 1. Next, the vertex r in T, different from ¢ cannot
be in X, by the minimality of H'.

(i) Consider vertices x,y € X, and let for definiteness m(sz) < m(sy). We assert
that the path sxyt is shortest (for m). This is true for x = y by the definition of N(s,1).
Let = # y. By (9), there is a shortest path s'zyt’ for some s't’ € U. Since x belongs
to no shortest p — g path, we have s't’ # pq. Therefore, s't’ € {sp, sq,tr}. Suppose
s't" = sp. It follows from m(s’x) < m(s'y) that s’ = s. Since the paths syt and s'zy
are shortest, the path sxyt is also shortest, as required. The cases s't’ = sq,tr are
considered analogously.

(ii) Let z,y € X and z € V — X, and let for definiteness the path sxyt be shortest.
Then

m(xz) + m(zy) — m(zy) = m(sz)+m(xz) + m(zy) + m(yt) — m(st)
> m(sz) + m(zt) — m(st) > 2a, (12)

by the definition of a. If x =y, we obtain from (12) that m(zz) > a, whence m’ > 0.

(iii) Let wv € U. Consider a u — v path P = xgzy ... x) shortest for m’. One must
prove that m/(P) is equal to m(uv) if uv = pq and equal to m(uv) — a if uv = sp, sq, tr.
One can assume that &k is minimum (by wv fixed). The assertion is obvious when
k=1. Let K > 2. For ¢ < k — 1, let P; denote the path xpx;...x;x;12...2k; then
m/(P;) > m/(P). We observe that P has the following properties.

(a) x;ziy1 € 0X. Indeed, suppose that z;,z;41 € X, and let for definiteness
i <k—2. lfx;1o € X, thenm/(e) = m(e) fore = x;x;41, T;Tit2, Tit12i42, and if x;4 9 €
V —X, then m/(z;x;11) = m(z;z;41) and m’(e) = m(e)—a for e = x;x; 42, ;112 42. In
both cases, we obtain from m(z;x;11)+m(x; 1 12542) > m(z;x;p2) that m/(P;) < m/(P);
a contradiction with the minimality of k. The case x;,x;41 € V — X is considered
similarly.

(b) There is no ¢ such that z;,z;12 € X and z;1; € V — X. Otherwise, taking into
account (12), we have

m/(x;mivo) = m(xiwino) < m(xiwipr) + m(zip1zi12) — 2a

Zm/(mi%’H) + m’($¢+1xi+2)7

whence m/(P;) < m/(P); a contradiction.



It follows from (a) and (b) that k = 2, zg,z2 € V — X and 27 € X. Then uv = pq,
and now we conclude from the definition of a that m’(P) = m(pz1) + m(x1q) — 2a >

m(pq). °

Suppose that s,¢,a, X and m’ are so as in (2.2). It follows easily from (11) that
Omr(€) < om(e) and Ay (s, 2,t) < Ay (s, z,t') for alle € E, x € V and §',t' € T.
Furthermore, m’ is cyclically even (as a is an integer) and A,/ (s', z,t") = 0 for s't' = st
and some z € V — X or for 't' = pg and some z € X. Therefore, a(V,T,m’) <
a(V,T,m), and by induction there exists a required packing for m/. Adding to it a
copies of the cut metric pX we obtain a required packing for m.

So we may assume that N(p,q) N N(s,t) # () whenever {p,q,s} =T} and t € T.
Put a;; := m(s;s;) for i =1,2,3, j =4,5; b;j = bj; :=m(s;s;) for 1 <1i < j <3; and
c:=m(s485).

(2.3) Let A :=aya. Then all a;j are equal to A and bia = bag = b3 = ¢ = 2.

Proof. Let i € {1,2,3} and j € {4,5}. Choose a vertex z in N(s;,s;) contained in a
shortest s — s, path for {i,k,r} = {1,2,3}. Then

aij + bgr = m(siz) +m(s;z) + m(spx) +m(s,x) > agj + bir.

Therefore, aq; 4 bag = ag;j + b1z = az; + bi2. Considering these equalities for j = 4,5
and the equalities in (2.1)(ii) we obtain a1; = ag; = azj =: a; and bis = bz = bz; =: b.
Now since s; is in a shortest s; — s, path for some 1 < i < j < 3 (by (10)), we have
2a; = b, whence a1 = ax = A and b = c = 2\. °

Assertion (2.3) shows that the restriction of m on T' is a metric proportional to
d¥2:3. Now our aim is to show that for a metric with such a property there exists a
packing consisting of 2,3-metrics.

Fori,j=1,...,5, put N;; :== N(s;,s;). Define the sets:

54 = {84};
Si = 1V4q4 — {84}, 1= 1, 2,3;
S5 Z:V—(51USQU53US4).

Clearly s; € S;, 1 = 1,2,3,4. Also (2.3) implies that s5 € S5. Below we shall prove the
following;:

(2.4) The sets S1,...,S5 are disjoint.
The partition P := {S1,...,S5} of V defines the 2,3-metric d on V as

dlzy) =1 if zy € (5;,9;), 1=1,2,3, j =4,5;
=2 if zy € (51, 52), (S2,S53), (S3,51), (54, S5);

:=0 otherwise,



where (X,Y) is the set of edges with one end in X and the other in Y. By (2.3),
m(st) = Ad(st), s,t € T. Put

B :=min{m(ssz) : © € S USy3US3};

1
= imin{m(sélx) +m(xs;) —m(sys;) : x € S5, i =1,2,3},
and a := min{3,v}. Then a is an integer > 1, as follows directly from the definition of
S1,...,Sk. Put m’ := m — ad. Below we shall prove the following:

(2.5) m' >0 and dy, (st) = m(st) — ad(st) for all st € U.

In the assumption that (2.4) and (2.5) are true, the proof of Theorem 1 is completed
as follows. It is easy to check that the metric d®2:3 is cyclically even, whence, in view
of the integrality of a, the metric m’ is cyclically even. It follows from the definition of
a that a(V,T,m') < a(V,T,m). By induction there exists a required packing for m’.
Adding to it a copies of the metric d yields a required packing for m.

Proof of (2.4). It suffices to prove that N4 N Nju = {s4} for 1 <1i < j < 3. Suppose
that N;4 N Nj4 contains a vertex x different from s4. Since m(sqz) > 0 and m(s;z) +
m(xss) = A (where X is defined as in (2.3)), then m(s;z) < A; similarly m(s;z) < A.
Hence, m(s;s;) < 2, contrary to (2.3). .

Proof of (2.5). First of all we make several preliminary observations.
m/(zy) = m/(xzsqg) + m'(s4y) forxz € S;,ye S;, 1 <i<j<3; (13)

m'(zz) + m'(zy) > m'(xsq) + m/(sqy) forz € S;,y€S;,1<i<j<3,2€ S5 (14)

Indeed, since m(s;x) + m(xss) = A = m(s;y) + m(yss) and m(s;s;) = 2, the path
sizsays; is shortest for m, whence m(zxy) = m(zss) + m(sqy) and m(zxz) + m(zy) >
m(xsg) +m(say). Now (13) and (14) follow from the fact that the value m(e) —m’(e)
is a for e € (Sk,Sy), k=1,2,3, r=4,5, and 2a for e € (5;,5;).

m/(xz) +m/(zy) > m/(zy) forx e S;USy,ye S, 1<i<3,andz€ S5 (15)

(where if z = y then m/(zy) := 0). Indeed, as it was shown earlier (see (12)),
Az, z,y) > A(s4,2,8;), where A(x',2,y") is m(2'2") + m(2'y’) — m(2'y’). Thus,
A(s4,2,8;) > 2a (by the definition of a) implies A(z,z,y) > 2a. If = € S; then
m'(zy) = m(xy) and m’(e) = m(e) — a for e = zz,zy, and if z = s4 then m/(zz) =
m(xz) — 2a and m’(e) = m(e) — a for e = xy, zy, whence (15) follows.

m/(syx) >0 for xz € Ss. (16)

Indeed, let for definiteness m(six) < m(sqx) < m(ssx). Suppose that m(six) +
m(sex) > 2A. Then m(sex) > A and the edge syz belongs to no shortest s — ¢
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paths for st = s1s9,8283,5351. Hence, soz is in a shortest s4 — s5 path (by (9)).
But m(s4s2) = m(sass5) = A; a contradiction. Thus, m(s1z) + m(saz) = 2A. Now we
get from A(sy,x,s;) > 2a, i = 1,2, and m(s154) + m(sgs2) = 2\ that m(ssz) > 2a,
whence (16) follows.

We show m/(uv) > 0 for all u,v. Let uw € S; and v € S;. If i = j then m/(uv) =
m(uv) > 0. If i # j, then m/(uwv) > 0 follows for i = 4, j = 5 from (16), and
for i = 4, j = 1,2,3 from the definition of a. Therefore, m/(uv) > 0 for {i,j} =
{1,2},{2,3},{3,1}, by (13). Finally, this follows for i = 1,2,3, j = 5 from (15)
(putting z =y = v and z = v).

Finally we show the second half of (2.5). Let st € U be fixed. Consider an s — ¢
path P = zgz ...z shortest for m’. One must prove that m/(P) = m(st) — ad(st).
We may assume that P satisfies the following conditions: (i) the number of vertices
x; different from s, is minimum; and (ii) the number of indices i such that z; = s4
is maximum subject to (i). Let P; denote the path zoxy ... z;x12...x,. We observe
that P satisfies the following four properties.

(a) x; and z;41 belong to different sets in P. Indeed, if, say, z;, ;11 € Sk, Tit2 €
Sy, k # r, then z;11 # s4 and we have from m/(x;z;411) = m(z;x;41) and m/(e) =
m(e) — ad(sgs,) for e = 211219, ;x40 that m/(P;) < m/(P), which contradicts (i).

(b) There is no ¢ such that x; € Sy and z; 41 € S, for k,r € {1,2,3}, k # r.
Otherwise the path zozy ... 284241 ... Tk is shortest for m’ (by (13)), contrary to (ii).

(c) There is no i such that z; € Sy U Sy, z;41 € S5 and x40 € S, U Sy for
k,r € {1,2,3}. Otherwise m'(P;) < m/(P) (by (14) or (15)), contrary to (i).

(d) There is no i such that xz;41 € Sk for k € {1,2,3} and either z; = s4 and
Zita € S5, or z; € S5 and x; 4o = s4. Otherwise it follows from m/(e) = m(e) — a
for e = x;w; 01, ;112500 and from m/(z;x;40) = m(z;xi00) — 2a that m/(P;) < m/(P),
contrary to (i).

Now in the case s = s4 and t = s5, we conclude easily from (a)—(d) that P =

S485. Then m/(P) = m/(s4s5) = m(s4ss) — 2a. In the case s = s and t = s,,
1 <k <r <3, we conclude from (a)—(d) that either P = sys, or P = ss45,, whence
m'(P) = m(sks,) — 2a. o

This completes the proof of Theorem 1.

In fact, the proof of the theorem contains an algorithm for finding a required
packing whose running time is a polynomial in |V].

Remark. One can see that if m and m’ are as in (2.5), then the metrics m and d,,,/
are proportional on EKp. Furthermore, obviously, d,,/ satisfies the properties as in (9)
and (10). This gives the strengthening of Theorem 1 pointed out in the Introduction.

3. Metrical spectra of graphs
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Theorem 1 has the following corollary.

(3.1) Let H be a union of K3 and a star, and let | be a cyclically even function on the
edges of a connected graph G with VG 2 VK. Then there exists an H-packing for
[ consisting of cut metrics and 2,3-metrics.

Proof. Let for definiteness H have the edges siss, s283,8351 and st;, ¢ = 1,...,r
(possibly vertices in {s,t1,...,t.} coincide with some vertices in {s1, s2,s3}). Add to
G a new vertex t and the edges t1t,...,t.t, forming the graph G’. Let I’ be a cyclically
even function on EG’ such that I'(e) = l(e) for e € EG and

di(pq) = di(pq) for all pg € EH; (17)

dy(st) =di(st;) + 1 (t;t) fori=1,...,r; (18)

it is easy to show that such a function exists. Let T be the set of different vertices
among si, S2, 83, S, t; then |T'| < 5. By Theorem 1 there is a Kp-packing {m},...,m}}
for I’ consisting of cut metrics and 2,3-metrics. Let m; be the restriction of m;- on V@G.
One can see that each m; is a cut metric or a 2,3-metric or a sum of cut metrics. It
obviously follows from (17) and (18) that mg, ..., my determine a required H-packing
for [. °

Assertions (1.2),(3.1) and Theorem 1 give the metrical spectra MS(H) when
[VH| < 5 or H is a union of two stars or H is a union of K3 and a star; in these
cases MS(H) is either {d®2} or {d¥2 d¥22}. Now we study the metrical spectra for
the other graphs H. One can assume that H has no isolated vertices. A direct check-up
shows that H is one of the following:

H has a matching of three edges; (19)

H consists of two disjoint graphs K3. (20)

We assert that the set M.S(H) is infinite for any graph H as in (19), and that it
is finite for the graph H as in (20).

Clearly if H” is a subgraph of a graph H', then MS(H") C MS(H'). Let Hy be
the graph consisting of three disjoint edges. So infiniteness of M S(H) for H as in (19) is
implied by the infiniteness of M S(Hy). In order to show the infiniteness of M S(Hy) take
positive integers p, ¢, > 2, and let G be the graph whose vertices are the triples (i, j, k),
i=1,...,p,5=1,...,¢,k=1,...,r, and whose edges are the pairs {(i, j, k), (¢, j', k') }
such that either [i —i'| +|j—j'|+ |k —k|=1ori—i =j—j =k —k'"=1. Then
the metric d© is primitive and the edges of its extremal graph correspond to the pairs
{(p,1,1),(1,q,7)},{(1,¢,1),(p,1,7)} and {(1,1,7), (p,q,1)} (see [8]). So d“ belongs to
MS(Hy). Hence M S(Hy) is infinite.

Now consider the graph H as in (20); let for definiteness VH = {s1,...,s6} and
FH ={s;s; :1<i<j<3o0r4<i<j<6}. Inorder to prove that MS(H) is finite
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take a connected graph G with VG O V H and a nonnegative function [ on FG. Add
to G new vertices t1,...,ts and the edges s;t;, i = 1,...,6, forming the graph G’. Let
H' be the graph with the vertex set {t1,...,%s} and the edge set {t;t; : 1 <i<j <3
or 4 <i < j<6}; then H' is isomorphic to H. Take 7 > 0 such that 7d;(pq) < 1/2 for
allpg e EH. Fori=1,...,6, let J; :=={j : s;s; € EH}. Define the function I’ on EG’
by

l'(e) :==7l(e) for e € EG,
1
= 5(1 + le(SjSk;) - le(sisj) - le(sisk))

for e =s;t;, i =1,...,6, {j,k} = J;.
Then I’ > 0. It is easy to check that

di(pq) = Tdi(pq) for all pg € EH; (21)

dy(p'q’) =1 forall p'q € EH'. (22)

Introduce the metric d* of distances in the following special graph I' (this metric oc-
curred in [8,9]). I' consists of 16 vertices p1,...,pg,zi; (1 < i < 3,4 < j < 6)
and v, and of 27 edges p;x;;, p;x;; and zv, 1 <4 < 3,4 < 5 < 6. In [9] the
following statement (which is a particular case of a general theorem) was proved: if
H' is the graph as above and the function !’ satisfies (22), then there is a mapping
o: VG — VT such that o(t;) = p;, i = 1,...,6, and the metric m? H’-decomposes
I'. Here m®(zy) := d'(o(x)o(y)), z,y € VG', and we say that m’ H’-decomposes ' if
I'(e)—Am/(e) > 0 for all e € EG" and dy—xn/ (pq) = dir(pq) — Am/(pq) for all pq € EH’
and some A > 0. This easily implies that for some finite k there exists an H’-packing
{A1m7, ...  Apm}, where o; is some mapping as above. Then, by (21), {mq,...,my}
is an H-packing for [, where m; is the restriction of the metric 7A\;m? on VG. Thus,
the cardinality of M S(H) does not exceed the number of primitive metrics, each being
a restriction of the metric d* on a subset in VI'. Therefore M S(H) is finite.

A conjecture is: if H is as in (20) and [ is cyclically even, then there exists an
H-packing {A\ymq, ..., \gmy} for [ such that m; = m? for some o; : VG — VT and
all \; are multiple of %

4. A relation of H-packings to multicommodity flows

Consider a connected graph G, a graph H with VH O VG, and functions | : EG —
R+ (a capacity function) and g : EH — R4 (a demand function). For st € FH, denote
by Ps: the set of simple paths in G connecting s and ¢, and let P := U(Ps; : st € EH).
The multicommodity flow problem F(G, H, ¢, g) (in the so-called “edge-path” form) is:
find a function (multicommodity flow) f : P — R4 so that:

Z(f(P) :PeP,ecP)<c(e) forecEG, (23)
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and
Z(f(P) : P ePy)=yg(st) for st e EH; (24)

or establish that such a function does not exist.

By Farkas lemma, (23)—(24) is solvable if and only if, for any [ : EG — R4 and
b: FH — R, the inequality ¢l > g - b holds provided that

> (i(e):e € P) > b(st) for P € Py, st € EH, (25)
where a - a’ denotes the inner product of vectors a and a’. (25) is equivalent to b(st) <

di(st) for st € EH. So we have the following:

(4.1) F(G,H,c,g) is solvable (i.e., a required f exists) if and only if

c-l> Z(g(st)dl(st) :st € EH) (26)
holds for any l: EG — R,

Now suppose we know that there is a set S = {mq,...,my} of metrics on VG
such that for any [ : EG — Ry there exists a fractional H-packing for [ using metrics
of S, i.e.

Ami(e) + ...+ Axmpy(e) <l(e) fore € EG, (27)

and
Aimy(st) + ...+ Anmpy(st) = di(st) for st € EH (28)

hold for some Aq,..., Ay > 0. Considering [ as above we have from (27) and (28) that

c 1> (N c(e)mi(e)) (29)
=1 eeEG
and
N
> glstydi(st) = (A g(st)m(st)) (30)
stceEH =1 ecEG

Comparing (29) and (30) with (26) we obtain the following:

(4.2) F(G,H,c,g) is solvable if and only if for any | : EG — IRy the inequality

Z(c(e)m(e) e € EG) > Z(g(st)m(st) st € EH) (31)
holds for each m € S. °

(The “only if” part of (4.2) follows from (4.1) if we take as [ the restriction of m € S on
EG.) Since arguments above can be reversed, we obtain the following relation between
H-packings and multicommodity flows, mentioned in the Introduction:
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(4.3)

Let G and H be graphs as above, and let S be a set of metrics on VG. The following
are equivalent:

(i) for any c and g, problem F (G, H,c,g) is solvable if and only if (31) holds for
each m € S;

(ii) for anyl: EG — R, there exists a fractional H-packing for l using metrics
in S. °

For example, (4.3) enables us to derive the statement (1.2) directly from the the-

orem of Papernov [12] (and vice versa): if H is K4 or C5 or a union of two stars, then
F(G, H,c,g) is solvable if and only if (31) holds for all cut metrics m on VG. Similarly,
a weaker, “fractional”, version of Theorem 1 derives the following fractional version
of a theorem in [8]: if H = K5 then F(G, H,c,g) is solvable if and only if (31) holds
for each cut metric and each 2,3-metric on VG. Note that linear programming duality

arguments as above gives relations only between corresponding “fractional” problems

and they, of course, are not sufficient to derive half-integral H-packing theorems, such

as Theorem 1 or (1.3), as well as half-integral multicommodity flow theorems, such as
in [8] or in [11].

1
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